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§ 11.1 Sequences

© Defn> A sequence is a function defined on N, whose range is contained in R.
f:N—>Ror f:N—C, f(n):=a,.

© Defn> A sequence {a,} has the limit Z < lima, =L & Ve>0, INEN st

n— oo

n>N = |an—L|<e

© Defn> lima, = < VYM>0, INEN st. n>N = a,>M

n— 0o

© Thm> If lim f(z) = L and f(x) = a,, then lima, = L.

T — o n— co

pf) Let ¢> 0 be given. Since lim f(z) =L, IM>0 st. 2> M =

xr —> co

|f(z) — L|<e Take N = [M]+1<N then M < [M]+1=N. If n> N then
n>N>M = |f(z) = LlI<e, |a,— L|<e, lima,=L m

n— co

ex) limlnTn =0 (v limlni = limi =0)

n— oo xr— o0 xr— 00

© Thm> Suppose that {a,} and {b,} are convergent sequences, then the following
property holds.

@ lim (a, £b,) = lima, £ limb,

n— co n— oo n— co

@ lim(ca,) = ¢ lima, (cER)

n— oo n— oo

@ lim (a,b,) = lima, lim b,

n-— oo n—> co n— oo

n—> co

Tmb (b, =0, limb, = 0)

n— oo

lima,
@ lim( n)—

n-—> o0 bn

pf) @ Since limb, = M = 0 and |2L|> 0, ANV, EN st. n> N, =

n— oo
| 2]
2

|21

|b, — M| < 5

| M| | M| 1
5 < |b,| < | M|+ 5 = o]

2
< B Then for n > N;, we have

| M
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a, | Ma,—Lb, |Ma,—Lb,—ML+ML|
b M, 75,
! 2
a7 1M = 20 B0l St = 2P LTI =)
2

2| L]
IVE

Tarr laa =1+ |6, — M|

Since lima, = L and |7

The>0, INEN s> N, = Ian—L|<|fj‘f|e
Since 1im b, = M and M—QS>0 IN,EN st. n> N, =
nLrI;lo n 4(|L|+1) B 3 . L. 3
M?e
e Me
|6, = M| 4(|L]+1)

Therefore, take N := max{N,, N,, N;} then n> N =

L 2 2| L] 2 | A7] 2| L | M
_ﬁ‘g T27] la, —L|+ o |b, — M| < X
£
2

an
bTL

I R T R (FAESY
<

+

£ =& n
9 .

n— oo

O Thm> @ limad’ = (um a,,,)” (p, n>0)

n— co

@ lim|a,| =0 < lima,=0
n— oo n— 0o

@ lima, =L = lim|a,| = |L|
n-—> oo n-— 0o

ex) lim

n—> co

=0 since |lim

n— 0o

="

—1)" .

1|l
n

O Thm> A sequence {a,} can have at most one limit.

pf) Suppose that lima, = L and lima, = M (L = M).

n— oo n— oo

For ¢ = %> 0, 3N, N,EN s.t.

n>N = |an—L|< L2M, n> N, = |an—M|<L2]W|

Take N := max{N,, N,} then n>N = [L—-M|=|L—a,+a,— M|

= Jay~ L]+ o, —ar|< LML IEZML ) and it s

contradiction. m
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Alternative proof : Ve>0, |L—M|< |an—L|+|an—M|<§+ =

£
2
S L=Mn

© Thm> If {a,} is a convergent sequence and a, =0 for Vn=mn, for some n,EN,

then lima, = L > 0.

n— oo

pf) Suppose lima, = L <0. For &= —%>0, JNEN st. n>N =
la, —L|< —% = L+§<an<L—§= %<0 and it is a contradiction. m

© Thm> A real function f is continuous at a < limf(z) = f(a) & For every sequence

r—a

{a,} that converges to a, lim f(a,) = f(a). (a, # a)

n—> co

pf) [=] Let lima, = a and £> 0 be given. Since f is continuous at a,

n—> 00

36>0 st |z—al<é = |f(z)—fla)|<e For §>0, INEN s.t.
n>N = |a,—a|<d = |fla,)—fla)|<e, - limfla,) = fla)m

[<] Assume that f is not continuous at a, then Je, >0, V5 >0, Jaz;4 s.t
|x5—a|<(5 but |f(x5)—f(a)|280. Thus,

For § =1, Ja; st. |z, —a|<1, |flz,)— fla)|= g

For (5:%, Ja, st |x2—a|<%, | f(z,)— fla)]| = &

_ 1 _ 1 _
For 6= —, Jx, st |z, —a|<— | f(z,)— fla)| = &

Consider {z,} and {f(=,)}. Since lim |z, —a| =0, lim (z,—a) =0 and

n— oo

limz, =a, limf(z,)= f(a) and it is a contradiction. m

n— 0o n— oo

© Note
IMMu):f@mﬂ:wahmf@J:fUMMﬁ:fw)

r—a r—a n-—> oo n-— oo

lim i) = sin0 = 0 (- f(xz) = sinz is continuous at 0 and

n— oo

. . Y .
ex) lim sm(g) = sin

n— 0o

lim — = 0.)

n— oo



sukital 729(@gmail.com

O Thm> If v, <a, <c, for n>n, and [imb, = limec, = L, then lima, = L.

n— oo n— oo n— oo

pf) Let £> 0 be given. Since limb, = limec, = L, I N,, N,EN s.t.

n>N, = |[b,—L|<e, n>N, = |¢,—L|<e
Take N := max{N,, Ny, ng}, then n>N = L—e<b, <a, <c,<L+e

= |an*L|<e, lima, =L m
n— oo

O Defn> * A sequence {a,} is called increasing if a, <a,,, for vn=> 1.
* A sequence {a,} is called decreasing if a, >a,,, for vn=> 1.

* A sequence {a,} is called monotonic if it is either increasing or decreasing.

1— 2
271 , 271.2<0 for I‘>1
n +1 (z*+1)

and f is continuous on the interval [1, o), f is decreasing on [1, o).
= f(n)=a, >a,,; = f(n+1) for VnEN, {a,} is decreasing.

<Example> a, = flx) = 2x . Since f(z) =
z°+1

© Thm> * A sequence {a,} is bounded above & FMER s.t. a, < M for VnEN
* A sequence {a,} is bounded above < JMER st. M <aq, for VnEN

* A sequence {a,} is bounded < {a,} is bounded below and above

© Defn> Let @ = S = R.
(a) The set § is said to be bounded above if JuER st. s <wu for VsES.
Each such number « is called an upper bound for §.
(b) The set S is said to be bounded below if JvER st. s > v for VsES.
Each such number v is called a lower bound for §.
(©) A set is said to be bounded if it is both bounded above and bounded below.
(d A set is said to be unbounded if it is not bounded.

© Thm> Every convergent sequence is bounded.

pp) Let lima, = L. For e=1, INEN st. n>N = |a,—L|<1

= |a,| = |a,—L+L|=< |a,—L|+|L|<1+]|L]|. Take
M = max{|a|, |ay|, -+ |ay|, 1+ L]} = Vn€N, |a,|< M and therefore

{a,} is bounded. m
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O Thm> If limea, = L and a, < 3 for n > n,, then L < g.

n— o

pf) Suppose L > 3. For ¢y = L—(3>0, 3N, EN s.t. n> N, =
|an—L|<e()=L—ﬂ = f=L—¢<a,<L+eg=2L—p = p<a,.
Take N := max{n,, N} then 3<a, <3 and it is a contradiction. m

n —

O Thm> If lima, =L and a <a, < 8 for n > n,, then a < L < .

n— oo

© Defn> Let @ = S < R.
* An upper bound w, for S is the least upper bound for S < wu, <u for

every upper bound « for § & w, = supS & wuy, = lubS

* A lower bound v, for § is the greatest lower bound for § < v, > v for

every lower bound v for S < v, = infS < v, = glbS

© The Completeness Axiom

Every nonempty subset of R that is bounded above(below) has a least upper
bound(greatest lower bound) in R.

O Monotone Sequence Theorem (MST) : Every bounded, monotonic sequence converges.
< {a,} : increasing & bounded above or decreasing & bounded below = converges

pf) Suppose {a,} is increasing and bounded above. Let S = {a,|n =1} = & has a
least upper bound L by the Completeness Axiom. Let ¢ > 0 be given then L —e is not
an upper bound for §, and Jay St. L—e<ay < L.

Since {a,} is increasing, n>N = L—e<ay <a, <L <L+e = |a,—L|<e

S lima, =L = supS =

n— oo

<Example> a; = /2, a,,, = y/2a,. Find the limit of {a,}.

@ {a,} is increasing since a, = v2< v/2v2 = a, and if a;, < a;., then
ap1 = \/2a;,< \/2a;,| = a;,. Therefore, a, <a,,, for VnEN.

@ {a,} is bounded below by /2 and above by 2 since 2 <a; = v/2 <2 and if
V2<a, <2 then v2< vV2V2 <ap,, = /2¢, < 2.
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Therefore, v/2 < a, <2 for YnEN.

It follows from the MST that [ima, exists. Let lima, = L then

n— 0o n— o

lima,., = lim y/2a, and L = /2L, L =0 or L = 2. Since v2<a, < 2,

V2<L<2and L =2. - lima,=2m

n— oo

<Example> a;, = 2, a,,, = l(a +6). Find the limit of {a,}.
n 2 n n

@ {a,} is increasing since a; = 2 <4 = a, and if a; <a,,, then

1 1
aryq = =(a,+6) <

5 2(ak+1+6) = a,,,. Therefore, a, <a,,, for VneN.

@ {a,} is bounded above by 6 since a; = 2 < 6 and if a, < 6 then

apyq = %(a,{+6) < 6. Therefore, a, < 6 for Vn&N.

By the MST, lima, exists. Let lima, = L then lima,.; = lim (é(an +6)| and

n— oo n— oo n— oo n— oo

1 .
L= §(L+6), L=6. -.llma, =6m

n— oo

<Example> Let e, = (1+ %) . Find the limit of {e,}.

—l+n-—+ "(”,_1) 1)2+ ”(”_1)'(”_2) 1)3+ i n(n—l)(n'—2) 1 L)"
n 2 n 31 n ol n
o e deHh-2)e 3 o2 )

1 2 1 3 1 n+1
m) + 7L+1C2(m) + ,41C3 m) + o+ u+1Cu+1(m)

1 1 1 1 2 1 1 2 n
=1+1+—(1— —(1— 1— 1— 1— 1=
2!( n+1)+ 3!( n+1)( n+1)+ + (n+1)!( n+1)( n+1) ( n+1

@ e, :1+1+i(1—l)+i(1—l
" 2! n
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1,1 1 1,1 1 1
< — = 4 —< — 4 e 4 =14 —— = 3.
LHId gt g o b p = TR o 1 173 =3

Therefore, e, < 3 for VnEN.

By the MST, lime, exists, and it is actually the so-called Euler’s constant e. m

n— oo

<Example> Z% = 1+1+L 1= lime,.
n=20

3! n—>

pH 8, =1+1+ +

1 1 1
'+ +F<1+1+5+¥+ n+1-

3!

= By the MST, limSNZL—Z LetSzZL andT—(lJr%).

|
n— n=0"m" k

n 2 71
O 7= (1+l = 1+1+i(17l + oL (1,2 TR N (17— (17 L
n n 2! n 3! n n n! n n n

<141+ 1+ 1,+ +i,

3l = S, . Therefore, 7, < S, for ¥Yn€EN.

n -

n-—> oo n—> 00

m 1 1 1 1 2 1 1 2 -1
@ 7 = (1+i) :1+1+—(17—)+—(17—)(17—)+ +—(1——)(17—) (17 m ) (n=m)
n n 2! n 3! n n m! n n n

Fix the value of m and send n— oo, then e = |im 7,= 1+1+%+ +W =9,.

Therefore, Vvm€EN, S, <e and L = [im 9,< e.

n— 0o

) - - 1
.hm(l-i-n)—e—L En

n

<Example> Prove [im n" = 1, lima" =1

<Example> For sequence {z,} such that z, >0, let lim

n— oo n— oo

Tn+1
—"~ = «. Prove :

n—> oo n

Do<a<l: limz, =0

n— oo

@ a>1: limz, =

n— oo

@ a =1 : Nothing
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§ 11.2 Series

© (nfinite) Series

ataytag+ - = Zan or Zan

n=1

© Defn>

Given a series »,a,, let S, denote its nth partial sum : S, = Y, q,. If {s.} is
k=1

convergent and ]im S, €R, then Zan is called convergent. Then

n-— o
a,+aytaz+ - =8 or Ya,=5. S is called the sum of the series Y a,.
n=1

If {S,} is divergent then )a, is divergent.

* Note : Y, a,= 5= limJ9,

n=1 n-— oo

<Example> Geometric Series

@ (a0

If |r|<1 then the series a + ar + ar® + --- converges to T

Therefore, Y ar" "' is convergent < |r|<1 (a# 0).

<Example> Harmonic Series

1+%+%+... :E%:oo,since Sy > 1+

2 and therefore |im S, = oo,

2 n— o

© Thm> Ya, is convergent = lima, = 0

n— 0o

pf) Let lim S, = S, then

n— oo

lima, = lim (S, —S,_;) = limS,— limS,-.;,=9—9=0.m

n— oo n— oo n— oo n— oo

O Test for Divergence

If lima, does not exist or if ]im a,= 0, then E a, 1s divergent.

n— oo n-— 0o n=1
n? -
<Example> For the sequence a, = —; , Z a, 1s divergent since
5n”+4 n=1
2
. n 1
lim = —=0.

noeo 50’ +4 5
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<{Example> For the sequence a, = nsin%, ) a, is divergent since

n=1

sint

. 1 .
lim nsin_- = lim =1=0.

n—» o t—0+

© Thm> If Ya,, Y,b, are convergent, then for constant ¢ ER,

n=1 n=1

oo

@ Z(a7l+b7l): ian—i_ ibn

n=1 n=1 n=1

2 Ya-b)= Na - Db,

n=1 n=1 n=1

proof by the definition of »,a, and the limit laws of a converging limit.

n=1

© Note
A finite number of terms does not affect the convergence or divergence of a series.

2 1 1L I 1
<Example> nEQ 5 —nEQm - 2n22[n(”_1) n(n+1)
o L(l B S )f L
BN R (AL B B

<Example> Y tan 'n is divergent since limtan 'n = % = 0.

n=1 n-— oo

<Example> Z sinn iS convergent since lim sinn iS not convergent.

n=1 n-— 0o

o

<Example> Y] (z+2)" is convergent if —3<z<— 1.

n=1

oo

<Example> Y] e"* is convergent if z < 0.
n=>0

<Example> Y] Smlx is convergent regardless of z if z €R.

7
n=>0
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o n . d 1 1 . _; -
<Example> nglm = {F - m] = JLIEIO(I (n+1)! ) =1

n=1

§ 11.3 The Integral Test and Estimate of Sums

M\H

(Q) The convergence of Z OIS 3

O The Integral Test
Suppose f is a continuous, positive, and a decreasing function on [1, o) and

f(n)=a, for VneEN. Then Zan is convergent < / f(x)dz is convergent.

n=1

al
£ _a
g7 o D (Bt A0 & (e
Aia
f) il & ol & A0y +-..+ Giny
P | 2 3w pe

If / f(x)dx is convergent then a,+a;+ - +a, =85, —a, < fnf(z)dxg fwf(z)dz and
1 1 1

S, <a, + / flz)de = M : An upper bound. Therefore, S,
1

n

is increasing and

S, < M for M ER. By the MCT, |im S, exists and Y a, is convergent.

n-— oo n=1

If / f(x)dx is divergent then ]im f f(x)dx = co. Since

n— 0o

ff(x)dacé a+ - +a,_,=8,_,, limS,_,=c and lim&, = and Y, a, is
1

n— 0o n-— oo n=1

divergent.

Inz

, let f(z ):7 then f(z)>0 for z>1, and f'(z)<0 for

<Example> For Inn
n=1
x > e. Therefore, f is continuous, positive, and decreasing on [e, oo ).
5 b
Since / —d:v = hm/ 2 4y = lim {%(lnx)Q] = lim~((nd)* — 1) = oo.

e b— o b— b~>oo2

Since / f(x)dx is divergent, f f(x)dxr is also divergent and therefore Za

n=1

divergent.

_’IO_
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A - 1 1 1 1
<Example> p-series : convergence of Z — =+ =4+ — 4+ -
n=1 nP 11) 21” 31”

soD) () p>1: flz) = ip is continuous, positive, and decreasing on [1, o).
x

e} 1 [e'e} _ . t _ . B t
/ —dx = / z Pdr = lim | z Pdx = ]1m[ z! p]
1 2 1 t—oooe 1 t>el1l=p 1
1 .1 1 1 21
=lim+——@¢ 7"—1)= 11m—( — — 1) = ——.  Therefore, —
toe 17D e e A p—1 ngl n?
converges.

() o<p<1: flz)= — Is continuous, positive, and decreasing on [1, c0).
X

“ 1 . 1 - o 1
/1 —-dz = lim 7}9(751 P —1) = co. Therefore, Y, — diverges.

€T tﬁool_ n=1MN

oo

(i) p=1: ), —, diverges since it is the harmonic series.
n=1"M

. . 1 . _ . 1 . .
V) p<0: lim— = limn ?=co, lim— = lim1=1=#01if p=0

n— oo T n— oo n— o T n— oo

o

Therefore, Y, Lp diverges.

n=1MN

= Zli converges if and only if p> 1.

7L2

<Example> Determine the convergence of Y ne”

n=1

sol) Let f(z)= "Z2 then f'(z)<0 for z>1 and f is continuous, positive,
(&
and decreasing on [1, ). Now we should check the convergence of
© . © 1 [~1 .1, )
xe “dx. Since e Tdr = — —dt = lim~ [ e "dt (t=2z7)
1 1 2J, ) 2

(A b— co 1
1 1
SEEY
2e 2e

1 S —n? -
25 Y ine " is convergent.
e

n=1

= lim {— *e_t]b = lim(

1 b— oo

<Example> Determine the convergence of Y, 211n —.
n=1
so) Let f(z) = 211n — then f'(z)<0 for z>1 and f is continuous, positive,

and decreasing on [1, oo ). Now we should check the convergence of

_’I’I_
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./100 2111 f:o 211M dr = /Om(%)udu (u = Inz)
{ (e/2)"

b ) Y -
ln(e/Q)} = lim ne/2) ((5) - 1) = 0, HEIW is divergent.

0 b— oo

= lim

b— oo

© Estimating the Sum of a Series

S=>Ya,=a +a+a;+ - = lim8,, let

n=1 n-—> o

Rn = S_S'n: an+14>an+2+an+3+ -+ then 5= 5'7L+Rn

O Remainder Estimate for the Integral Test
Suppose f(k) =a, for VkEN where f is a continuous, positive, and decreasing

function on [n, o). If Zan is convergent, then / f Jdr< R, < / flx)d

n=1

A

n=1MN
o b
. . . 1 1 .
Since f %dz = lim [— 12} = hm(—12 + 2) = —, if n> 32 then
n X b— oo 2z° ], boow\ 2D 2n 2n
1
R, < —5 < 0.0005,
2n
© Note

/oilf Jdx< R </ flx)de =

Sn+f fle)dr< S=R,+ S, SSH+/ fx)dx
n+1 n

<Example> Y

1 . . | . |
5 1S convergent since 5 dxr = lim 5 dx
n=1n"+4 1 z°+4 t—>owY 1 z°+4

- 4ls )

-1

- o (] =3 (5
1m an 9 ) tl)n;l 2 an 9 an

t— o 2

_’|2_
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<Example>
p ngl n +1

Let f(z) = 4"11 then f'(z)<0 for z>1 and f 1is continuous, positive, and
x

. . o ) t o[ !
decreasing on [1, oo). Since / 4‘T dx = hm/ 4z dr = lim [—tan 1(t2)]
1 o +1 t-0od 1 " +1 t ool 2 1

.1 — 1/, 1 1(7r 7r) ™ - n .
= = - ==|l-—-=l==, ) is convergent.
tlE?OQ(tan () — tan ' (1)) AT 8 2T s convergent

§ 11.4 The Comparison Test

© The Comparison Test (CT)

Suppose Y, a, and »,b, are series with positive terms.

n=1 n=1

() If )b, is convergent and a, < b, for ¥nEN, then Y, a, is convergent.

n=1 n=1

(i) If Y)b, is divergent and a, = b, for Vn€EN, then Y, a, is divergent.

n=1 n=1

pf) Let S, Zal, Zb

1=1 1=1

® a,, b, >0 = {9,}, {7,} are increasing

Since Y, is convergent, {S,} is bounded above from the fact that
n=1

S, =a+ - +a, <b+ - +b,= Z

Since {S,} is increasing, 1im S, = Y, a, exists and Y, a, is convergent by MCT. m

n— oo n=1 n=1
(i) Since b, >0 for VnEN, Y,b, = lim 7, = co. Since
n=1 n-—> 00

=25, limS, = and Y, a, is divergent. m

n— o n=1

r,=b+ - +b,<a+ - +a

n

<Example> Determine the convergence of Z lrllgk
k=1

sol) Since %>% for k>3 and Z% = oo, E% is divergent and therefore
= k=3

_’|3_
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D Ink g divergent.
=1k

<Example> Y] % is convergent since

n=1""

— 1 1 1 1 1 1

Y =l e <L e = =2

= n! 1 2! 3! 2 92 1
1_5

5 L . 5 5 1 1.
is divergent since > —> — and — is divergent.
3n—2 8 n Z n 8

<Example> Y, sn—2" 3,

n=1

n=1

— Inn . . Inn n n 1
<Example> is convergent since : < < — =
7121 on® —1 on®—1 on® —1 n’ n?

o 1 .
Y. — is convergent.
n=1MN

The Limit Comparison Test

Suppose Y,a, and »,b, are series with positive terms.

n=1 n=1

. an o = .
M) If lim— =¢>0 then Y,a, and Y,b, both converges or diverges.

n— bn n=1 n=1

.. . 0’71 o . e .
(i) If lim — =0 then Y,b, is convergent = Y, a, is convergent.

n— o bn n=1 n=1

an o . . o . .
(i) If lim —— = c then »,b, is divergent = Y, a, is divergent.

n— oo bn n=1 n=1

< £ In
bn

L. £ <
27 2

b

pf) () Since %> 0, INENst. n> N = < %c,

%bn <a, < %bn. If )b, is convergent, a, is convergent by the CT, and
n=1 n=N

therefore Y a, is convergent. If Y,b, is divergent, Y, a, is divergent by the CT,

n=1 n=1 n=N
[ee)
and therefore Y, a, is divergent. m

n=1

=-"<1, a,<b, Since »,b, is convergent,

n=1

@i INEN st. n>N =

Y1 a, is convergent by the CT, and therefore Y, a, is convergent. m
n=N n=1

_’|4_
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=-">1, a,>b, >0. Since Y,b, is divergent,

n n=1

aQa,
() INEN st. n>N = ‘b

Y a, is divergent by the CT, and therefore Y a, is divergent. m

n=N n=1

<Example> Determine the convergence of Y,

1
v+l

o

soD Let a, = LI b, = L then Mib, =, 1 is divergent by the p-series
n+1 vn n=1 n=1 n
. . a, . v n d - 1 . .
test. Since — = —— =1>0, = ———— Is divergent.
lim == lim —77== ,L;a" n; Vntl &

cO 2
<Example> Determine the convergence of Z M
n=114/5+n’

on? + - - .
so) Let a, = u b, = 2 then Mib, =), 2 g divergent by the p

\/5 +n’ Vn n=1 =1 vn

. . . a, . 2 5/2 + 3/2 o o 2 .
-series test. Since lim — = lim w =1>0, Yya,= Y, 20 430 o
n—>co by n—co 2\/5+n° n=1 n=115+n°

divergent.

<Example> Determine the convergence of Y, %
n=1n" 1100
so Let a, = —~— b, =~ then b = YL i t by the p-seri
a, = —3 , b, = —5 then = 5 Is convergent by the p-series
n” + 100 n n=1 n=1"N
a 3 o o
test. Since lim — = lim ———— = 1> 0, a, = ———— s convergent.
n—eo by nSw n® 4100 n; n; n’ + 100 &
. — ninn+1
<{Example> Determine the convergence of Z .
n=1 TN
sol) Let a, = % b, = L then b, = El is divergent by the p-series
n°+5 n n=1 n=1"1
: .Gy . n’lnn+ % - o
test. Since lim -— = lim W =00, Yia,= ), %ﬂ is divergent.
n— oo bn n— 0o n-+5 n=1 n=1 T +5

_’|5_
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§ 11.5 Alternating Series and Absolute Convergence

© Thm> Alternating Series Test (AST)

If the alternating series Y, (—1)""'b, = b, — by + by — b, + - (b, >0)

n=1

satisfies the conditions () b, ., < b, for YnEN and () ]imb, = 0, then

n— 0o

(e}

Y (=1)"" ', is convergent.

n=1

pf) Let Sy = by = by T by — byt o by, = by, = 8 T by — by,
> S, = {9,} increases. Since
Sop = by — (b2 - ba) - (b4 - bs) — o by,

IA

by, {S,} is bounded above. By the
MCT, {S,,} is convergent and let lim S,, = S. Since S,,.,; = S, + by, ., and

n— oo

hm bn = hm b2n+1 = 0’ hm S2n+1 = hm 5271 =8 and Z (_ 1)7l_lbn iS

n— 0o n— 0o n— oo n— 0o n=1

convergent. m

oo 2
<Example> Y (—1)"* L

n=1 n3 +1
Let f(z) = 2’ then f'(z) = z(2=a%) and f is decreasing on [2, o)
2+ 1 (2 +1)? T
2 O 2
Since 1lim 3n =0, Y, (- 1)”“3n— is convergent by the AST.
n—oco N +1 n=1 ’I'L+1

O Alternating Series Estimation Theorem

If = Y (—1)"" ', is an alternating series, then |R,| = |S— S,|< b, ..

n=1

pf) Since S,, = by — by + by — by, + -+ F by, — by, = Sy, 5+ by, — by

Sy = Sy, -1 and {9,,} increases. Since Sy, ;= Sy, 1 — (byy, = bypi1) < Spp 1
{S,, ,} decreases and 9, < 5, < -+ <5< -+ <8, <8,.

= Vn, kEN, 8, <5< 85,.,.-If k=n then S, <5<5,,., and
0<85-8,<byi |S—%,|<by+y. If k=n+1then §,,,,<5<5,., and

_b2n+2§S_S2n+1§0’ |S_S2n+1|£b271+2' ThUS, R71| = |S_Sn|£bn+l‘.
B 00 (_1)71 1
<Example> § = Y, e |5 T S = oy
n=o n! 7!

_16_
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©O Absolute Convergence and Conditional Convergence

% Y, a, is absolutely convergent < Y] |a,| is convergent

n=1 n=1

* Y a, is conditionally convergent < Y a, is convergent and Y, |a,| is divergent

n=1 n=1 n=1

© Thm> Y)a, is absolutely convergent < Y, a, is convergent
n=1 n=1

o

Since Y, |a,| is convergent, »,2|a,| is

n=1 n=1

pf) VnEN, 0=<a,+ |a,|=<2|a

71|'

convergent. By the CT, Y] (a, + |a,|) is convergent. Therefore,

n=1

[e's} [e's}

Yia,= Y [(a, + |a,|) = |a,|] is convergent. m

n=1 n=

- (1)t 1 1 1
<Example> -~ =] — 4 = — =+ ..
p 7121 n2 22 32 42
- | (1)t — 1 . o @ (=)l
2 = Y, — is convergent ("-p=2>1) and Y, -——— is absolutely
n=1 n n=1"N n=1 n
convergent.

<Example> Y < = cosl  cos2  cos3
n=1 T 1 2 3

1 S -
< — and ) — is convergent, Y
n n=1MN n=1

cosn
7’L2

. n - n .
Since 0 < | <25 and Y] £ s
n?

n=1

convergent by the CT.

. (_1)71 . (_1)71 S _1\n n
<Example> (1) ngl e 2 ngl U 3 ngl( 1) Sy

(1) Since il (_n?n = iI% converges, il (_ni)n is absolutely convergent and it
converges.
®) nil (_i/%)n = nil vlg diverges and n]gg% =0, by, = ﬁ <b, = {1@
Therefore, i (_3 D" convergent by the AST.
= Vn
(3) Since nlgrolo 27;1 = %# 0, nlgrolo (=1)" 27;1 1 does not exist and therefore

_’|7_
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n n . .
M (=1) ST S divergent.

© Defn> A series Y,b, is a rearrangement of a series Y, a, < There exists a bijection

n=1 n=1

of f: N—>N st b, =ay

© Thm> If Ya, is absolutely convergent and »,b, is any rearrangement of »,a,,

n=1 n=1 n=1

then b, is absolutely convergent where Y b, = Y, a,.

n=1 n=1 n=1

© Thm> If Ya, is conditionally convergent and rER, there exists a rearrangement
n=1

Mib, of Y a, such that Y)b, = r.

n=1 n=1 n=1

S W3n—1 . . . 3n—1 _ 3
<Example> ngl(—l) 51 S divergent since nlgrolo 5n=1 — 5 and
lim (— 1) 3221 4 divergent.
"> oo 2n—1
- el/n . 1 . elle
<Example> Y (—1)""! is convergent since lim —e"" = 0 and if fla) = then
n=1 n— oo
. el/n . .
since f'(xz) <0 for = > 1, is decreasing.
< (2n—1)!
<Example> (—1)"—=
p ngl (27171!)2
0 _ n—1
<Example> Y, (17)2
n=2 n(lnn)
i is convergent since f L _gr=--L1 40 and
=5 n(lnn)? z(nz)? Inz
© b 1]° 1 1 1
= lim [ obspir = lim [ ] = Biml- )=
/2 z(Inz)? ! blgglo 2 z(Inz)? v blLrElo Inz |y bling Inb In2 In2

00 (_ 1)n -1
Therefore, Y, ————

is absolutely convergent and it converges.
n=2 n(lnn)

is continuous, positive, and decreasing on [2, o ).)

(f(z) =

z(Inx )

_’|8_
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1
= — and
n3/2

(—1)"
n\/n

<Example> Y £ — \° el VR absolutely convergent since

n=1NVn n=1MNVn
(o]

1 .
M 5 1 convergent.

n=

§ 11.6 The Ratio and Root Tests

© The (Limit) Ratio Test

For the series Y, a, (a, = 0),
n=1
Ap 41

=L<1= Y,a, is absolutely convergent

n=1

@® 0< lim

n— oo

n

Ap 11

=L>1o0r L =c0 = Y,a, is divergent

n=1

@ lim

n— oo

n

(e} (e}

~ 1 = Inconclusive (3 1, 3 %)

9
n=1M" n=17n

Ap 11

@ lim|——

n— 0o

n

pH @ 0= lim |2t 1‘=L<1

n— oo

n

ap+1

Jr st. L<r<1. Since lim =L, for e=r—L >0, 3NEN st.

n— 0o

n

Ap+1 Ap+1

—L| <e= L—-e< <Lte=r = |an+1|<r|an|.

n=N = ‘
a’!L an

(e}

joe)
Therefore, for VAEN, |ay.,|<r"|ay|. Since Y r"|ay| is convergent, Y |ay, |
k=1

k=1
is convergent by the CT. Since N is finite, Y, |a,| is convergent since Y, |a,| is
n=1 n=N+1
convergent. m
. Ay 41
@ lim|——|=L>1or L =co
e |y
Ap +1

Jr st. 1<r<L.For e=L—r, ANENSt. n>N = r=L—¢e<

<L+e

a’!L

Qp 41

>pr>1. If L =, then for M =1, INEN s.t.

= r|an|<|an+1| = ‘

Ap+1

n>N = ‘ >1 = |a,,|>|a,|. Since lim|a,|=0, lima,=0 and Y;a,
n-—> o n —> co

Qp, n=1

is divergent. m
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co co 3
<Example> Yja, = Y, (— 1)”%
n=1 n=1
. a, +1)? 1 & & s
Since s _ o 3) — —<1 as n—ooo, Ya,= Y (—1)"" is absolutely
a, 3n 3 n=1 n=1 3n
convergent.

0 n

<Example> Y b, = ), Z'

n=1 n=1

1 n o0 00 n . .
:(1+E) — e>1as n—ooo, »,b = Zn' is divergent.
n:

n=1 n=1

b71+1

b

Since

n

The (Limit) Root Test

For the series Y, a, (a, = 0),

n=1

@ 0< lim 4{/]a,] =L <1 = Ya, is absolutely convergent
n— oo n=1

@ limy/|a,] =L>10r L =00 = Yja, is divergent

n— oo n=1

o

® lim {/]a,| =1 = Inconclusive (Zi, Z%)

n—> oo n=11 n=1mn

pH @ 0 < lim §/[a,| = L <1

n— 0o

dr st. L <r<1. Since lim /|a,| =L, for e=r—L>0, INEN st. n= N =

|'{/m—L|<s = Ve, |<Lte=r = 0= |q,|<r".
[ee)

Since Y " is convergent, |a,| is convergent by the CT. Thus, Y |a,| is
n=N N n=1

n=

convergent. m

@ lim {/]a,| =L>10r L = o0

n— oo
ANEN st. n=N = /|ae,|>1 = |a,|>1 = lim|a,|#0 and lima,# 0.
n—> oo

n— oo

Therefore, Y a, is divergent. m

n=1

<Example> Y a, = Y,

n=1 n=1

2n+3)n is convergent since |[j nt3 _ 2< 1
3n+2 g m Ty T gt
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<Example> Ebn where b, = 21
n=1 —
2]’1
S _1\n— 1& — 1 —
<Example> ngl( 1) ot = !

<Example>

nmw

6

)

(e}

<E le> ———= (con)
xample 7121 T con
- (=)t
<Example> Y] (div)
n=2 n lnn

<Example> For b, >0 and [imb, =

n— oo

i%ﬁ

2 (con)

<Example>

The Ratio Test

For the series Y, a, (a, = 0),

n=1

® 3r=(0,1), JkEN st. Vn =k,

@ Jr>1, 3kEN st. Vn >k,

Qp 11

pH) @ Vn =k,

n

<r & |an+1|§r|an|,

sukital 729(@gmail.com

n is odd
(Only the Root Test holds.)

n is even

2! 3! 4!

-3 7 1.3.5 1.3.5.7 "~ (com

(oo} _ n '
Loy B0 gy
2 n=1 nnble .. bn

<r = E a, is absolutely convergent

n=1

Ap 11 ‘

n

a, 1 e . .
——|=r = Ya, is divergent.

n=1

n

apin| <" a| for VneEN.

Since Y,r"|a,| is convergent, Y, |a,,,| is convergent by the CT and ) a, is

n=1

convergent.

Ap 41

@ Vn=k, >r r>1 &

n

n=1

n=1

lay 1= r|a,|, |aps,|=7"|a,| for VnEN.
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Since limr"|a;| = e, lim |az+,| = o and lim |a,| = co. Therefore, lima, does
n— 0o n —> o n —> 00

n— oo

[ee)
not exist and Y, a, is divergent.
n=1

© The Root Test

For the series Y, a, (a, = 0),
n=1
1 o
@® 3r€(0,1), IkEN st. Vn=k, |a,|" <7 = Y, a, is absolutely convergent
n=1
1 o
a,|” =r = Y a, is divergent.

n=1

@ Jr>1, 3kEN st. Vn>k,

pf) The proof of the convergence of a series »,a, is an application of the

n=1

1

comparison test. If for all n = NEN, |q,|" < k<1, then |a,|< k" <1. Since the

[ee) [ee)
geometric series Y k" converges, do does Y |a,| by the comparison test. Hence
n=N n=N
1

Y la, converges absolutely. If la,|" >1 for infinitely many n, then a, fails to

n=1

converge to 0, hence the series is divergent. m

n|

§ 11.8 Power Series

o

© A power series is of the form f(z) = Y, ¢

n=20

" = ¢yt etz + - for ¢, €R. Then

n

(o]
Y ic,x" converges.

the domain of the function f is D(f) = {ac ER
n=20

oo

© In general, »,c,(z—a)" = c,+c,(x—a)+cy(x—a)*+ --- is called a power series in
n=>0

(x—a), a power series centered at a, or a power series about a.

<Example> When does Y, (x_T?’) converge?
n=1
_ n a,
soD) Let anzM then || = 2|z —3],
n n n+1
a”!L - - " .
lim Tl =lz-3|<1 and 2<2<4. If 2 =2, M ( nl) is convergent
n— oo n n=1
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by AST. If = =4, Y, 1 is divergent. Therefore, the interval of convergence

n=1

is [2,4) and the radius of convergence is R = 1.

<Example> When does Y nlz" converge?
n=0

(n+1)z" 1

n

Ap 11
a

sol) Let a, = nlz" then = (n+1)|z] — oo for all

n nlx

x # 0. Therefore, 7= {0} and R = 0.

o

<Example> When does Z % converge?

n=>0

n

o et @n)! | ||
soD) Let a, = Tn)l then = ‘ Gntan © 2 | @n+2)@2n+1)

— 0<1 for Vaz&R. Therefore, 7=R and R = oo.

Ap+1

n

O n 2n
<Example> When does .j,(z ZU 2%1 7 converge?

—1)" 2n a, 2n+2 22n In!

sol) Let an:% then |——- z‘ T3 L Z”
2°" (n!) a, 22" 2 (n+ 1) (n+ 1)! "

2
= < 5 — 0<1. Therefore, /=R and R = oo.
(n+1)

© Thm> For a power series Y, ¢, (z—a)", there are only three possibilities :
n=20

(i) The series converges only when z = a. (R = 0)

(i) The series converges for VzER. (R = )

(iii) There is a positive number R such that the series converges if |z—al< R
and the series diverges if |z—al> R.

©0 (_ 3)"1‘"

<Example> When does converge?
p ngg \/n+1 g
— n,.n a, _ n+1l n+1
soD) Let an:wthen = z‘( 3N T Wt
\/n+1 a, \/n+2 (_S)nxn
_3VnE L L 3lal<1 f Jzl< Ll 0 o= L G DL
Vn+2 3 =0 Vnt+1
: 1 & 1 L
convergent by AST and if z = — —, ———— is divergent. Therefore,
sent by U R Ve s &
1 1 1
]—(—g,g] al’ldeg
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G nlz+2)"
<Example> When does NEOW converge?
" a, n+1 n+1
sol) Let a, = w then ‘ 1 ‘ _ (n+1)(3::g2) L3
3" a, 371 n(x + 2)71
=2 el & Laaol<t i Jet2l<3 0 2= -5 %) V'
3n 3 2 3

o

divergent and if =1, Y, % is divergent. Therefore, 7 = (—5, 1) and
n=20

R = 3.

<Example> Find the interval of convergence and radius of convergence for series

. 5n n - xn S n_2.n N ($+2)n
—x, , 2"n"x", e
nEQ n ngl n44n ngl nEZ 2n1nn
1 1 1 1 1 1
(AnS) RIZ gv ]1: {_ga g)v R2:41 ]2: (_4;4], R3: 57 ]3: (_ 57 5), R4:2,

§ 11.9 Representations of Functions as Power Series

> . . 1
ﬁ =l1+z+z+2°+ - = Y 2" (Jz|< 1) : A power series representation of T
= pa) -

on the interval (—1, 1)

1 1 (oo} o0
<Example> = = (—2?)" = (—1)"z?, |zl<1
P 1+ 2° 1—(—2*) n;() n;()
3 3 3 o O n_n+3
T T 1 T z \" (—1)"z
= — X — = —_— — - 7 =
<Example> ——— = = =5 ) ngo AT lz|< 2

__£ 7n:O
! ( 2)

O Differentiation and Integration of Power Series
© Thm> If the power series Y, ¢, (z—a)" has radius of convergence R >0, then the
n=20
function s defined by f(z)=c+c(ez—a)te,(z—a)+ezx—a)+ - s
differentiable on (a— R, a+ R) and

@ f'(x) ch+202(x—a)+3c3(z—a)2+ s = chn(z—a)rrl and R’ = R.
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G Co

(i) ff(z)dxz C—Fco(x—a)-l-?(z—a)Z—F?(:E—a)g'f‘

C’!l ’
1 (r—a)""! and R’ = R.

=C+ )

nzon
<Example> Let f(z) = Y, and a, = x2
n=1MN n
. Qp 11 P n? n?
Since = > X = ———lz|l - |z[<1 when |z]|<1,
a, (n+1) z" (n+1)
R=1. When z = +1 i (£1)" = iL is convergent and 7= [—1, 1]
. - n=1 7’L2 71:17’l2 ’ '
0 xn*l xn—l
Also, f'(z) =), and let b, = then
n=1
b |2t m gy lz]<1 when |z|<1, R =1.
bn n+1 I?L—l n+1 ’
Sl &N (=)t
When z =1, EE is divergent but when z= —1, ET is
n=1 n=1
convergent by AST. Therefore, 7= [—1, 1).
<Example> Derive the power series expression for h 1 7
— X
sol) Since =l14+z+a’+2°+ - = D" (Jzl< 1),
n=>0
% =142z+32°+ - = Yna" ' (Jz< D
(1_$) n=1
<Example> L 1 = i(—l)"m” (lz|<1). By integrating both sides, we
1+z 1—(—z) = ’
IEQ 1'3 1'4
obtain In(1+z) = C+x—7+?—j+ -+, lzl<1. When =z =0, C=0.
2 3 4

= 2 (al <),
n=1 n

<Example> Derive the power series expression for tan 'z.

. _ , 1 _ 1

sol) Since (tan ‘z) = 5. tan 'z = f sdz
1+zx 1+zx
IEB IES IE7

:C+x—?+?—7+“' and ¢ =0 when z = 0. Therefore,

L 0 x2n+1 x2n+1

Tl = —1)"=———. Let =(—1)" then

tan @ 7;0( VTl a, = (=150
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Ap+1
Qa

_ 2n+1
2n+3

|z|? — |z|*<1 when |z|<1 and

I2n+3 n+1
In+3 x x2n+1

n

R=1.

<Example> / L —dx = /;dx: f(1—x7+x14—$21+ o Vdx
1+z 1—

§ 11.10 Taylor and Mclaurin Series

(e}

flx) = ch(ac—a)” = coJrcl(x—a)+02(x—a)2+c3(ac—a)3+ e, |lz—al< R.
n=0

Since f(a) = cy, f'(a) = ¢, f"(a) = 2lcy, -, f(")(a) = nlc, and
co co (n)

fla)= e, (@—a) =Y / n'(a) (z—a)" and this is called the Taylor series of the
n=>0 n=>0 :

function f at a, about a, or centered at a.

00 (n)
Especially when a = 0, Y, fT@z’L is called the Mclaurin series of function f.
n=20 :

Not all functions can be expressed by power series, and some are even different from its
Taylor series.

1 [ee)
<Example> 1—:1+x+$2+x3+ s = Zx", lzl<1
-z n=>0
$2 $3 0 z" "
T = _ _— DI — —_— = —
<Example> e’ =1+ + or+ =5 + HEU 7 let o, = - then
Qp 4+ 1 P n! |z | .
= for =0, and th 1l
o RSP e 0 for vaz=0, and the series
0 n
converges when z = 0. Therefore, Y, x' converges for Yz €R and R = oo.
n=0"T"

(Q Under what circumstances is a function equal to the sum of its Taylor series?

o0 (n)
< When can we say that f(z) = ), fT'(a)(:c—a)"?

n=0
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n (k)
sol) Define 7,(z) as 7,(z)= ), f k|(a) (z—a)® which is the nth-degree Taylor
k=0 :

o0 (n)
polynomial of f at a. Now Y, fT'(a)(x—a)" = lim 7, (z). Let

n=20 n—> 00

R, (z) = f(z)— T,(z), then f(z)= T,(z)+ R,(z) and if ]im &, (z) = 0, then

n
n-— 00

lim 7, (z) = lim [f(z) — R, (z)] = f(z).
© Thm> If f(z) = 7,(z)+ R,(x), where T, (x) is the nth-degree Taylor polynomial of
f at a, and [im R,(xz) =0 for |z—al< R, then f is equal to the sum of its

n— 0o

Taylor series on the interval |z—al< R.

©O Taylor’'s Inequality

(n+1) _ < M _ In+1
If |f (:U)|<M for J|xz—al<d, then |Rn(z)|§ (n+1)!|z al for
|z —al < d.
© Note
D ";CL', converges for Vo R = |im I' =0, VzER
n=0 "% n— 0o :
. 00 f(n)(o) - 0 xn B xn
f(:L') = e, REOTJS = ngo N let a, = F then
Q11 "t n! | |zl (n+1) d
o | T Gror | T 05 @l=< e’ lal<d
d
’ : € n+1
By Taylor’'s Inequality, |R,(z)|< CES | 2] — 0
= limR, (@) =0, |z|<d and Ve ER, ¢ = 3 7.
n—> oo n=o0 T
© Taylor’s Theorem
Suppose that the derivatives f ®) for k= 0,1,2, ---,n are continuous on [a, b] and
that £ exists on (a, b). Let z, € [a, b]. Then for each z € [a, b],

"(z (n) T
fla) = flay) + f'zy)@—2y) + / 2(!0) (x—zy)*+ - + fT()(x—xO)"—ﬁ—Rn(z)

f(n+1)(c)
(n+1)

and R,(z) = (x—x,)""" for some ¢ between z and .
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<Example> If o = 2, then &* = ), %(z—Q)”.
n=0"""
3 5 7 el 2n+1
e — . T T oyt
<Example? sine =z = Gy g = o ,;0( V' G
2 4 6 0 2n
T T T n T
cosx = 1 ? + I H + - ngo( 1) (QTL)'
o) 2n+1
_ 1502 5, 17 ; _ Usp 41
tane =@+ gat gt g n; 2n+1)!
i (_1)n—122n(22n_1)BQ7L$2n—1 (| | 7'[‘)
g < —_
= (2n)! v 2

<Example> If a = % then sinz = Y, (v/3)"(—1)" 1 (ac - 1)

=0 2n!

1+ (=1)" 1 i"
A T

2 2

(a, =

O flz)= (1+z) kER

flx) =k
FO) =k £70)=klk—1), =, fF"0)=k(k—1) - (k—n+1)

Therefore, the Mclaurin series of f(z) = (1+z)" is

o (n) o 1) (k—n -
S ©) n_ Zk(k D (k=nt+1) , _ Z(k) "

! | r
n=20 n. n=20 n.

o

(1+az)= )] (S)x” for |z|< 1 (though it is difficult to prove).

n=0
E(k—1) ,

TR 3!

k(k—1)(k—2) 4

(1+z) =1+ke+ 5+

1
S N U T T
<Example> f(z) = — =3 \/ — = 2(1 4) 2n20( o
1_7
4
1 1S 1D)"(=1)"1-3+5+ - « (2n—1)2"
:——i——
2 2,§1 nl2"4"n
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(1+2) Y @) =k(k—1)0+2) 2 F" @) =kk—1)- (k—n+1)z" "

_ i)
4
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00 ( 1)n 2n 0 _ )n 2n+1
<Example> f(z)zxcoszzzz(i Z , R= co.

n=0 =

B 00 (_ 1)71—1(3$2 )n B 00 (_ 1)71—1371$2n 1
<Example> f(z) = In(1+32%) = ngl—” = ngl—n , lzl< 7

n 271
<Example> / ~dy = / f ———dx
0n= 0 n! 0n= 0

_ i (_1)nz2n+1 1: i (_1) :i 1 n 1 _ 1 + ..
=0 (2n+1)n! 0 n:0(2n+1)n! 2 1! <3 2! X 5 3 x7

. et —1—=x .1 (22 x° 2t 1
<Example> lim——— =lim—5 |57+ 5+ + | = =

z—0 x z—>0X

co n [eS) 2n+1
{Example> e“sinz = [ P } [ > (= 1)"—(2zn+ 1)! }

|
n=o0 1"

. [eS) 2n+1 0 2n -1
o | _ sinz _ ) —1)n 2t
<Example> tanz = "~ HZO( ) ( . HZ( ) ’
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